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Bethe ansatz for spin-1 chain with long-range interaction 

A G Choudhury and A Roy Chowdhury 
High Energy Physics Division, D e m e n t  of Physics, Jadavpur University. Calcutta IW 032. 
India 

Received 3 August 1994, in final form 29 h h  1995 

Abstract. Fusion procedure for the R-matrices with disorder parameter pi and the power-series 
expansion technique of de Vega have teen used to co~h-uct a spin-l chain with long-range 
interaction. The energy eigenvalue and the equation for the momenta for the state containing 
m-excitations are determined with the help of the algebraic Bethe ansae. 

1. Introduction 

Studies of spin chain p a t e r  than 1/2 became a reality with the advent of the fusion technique 
for R-matrices 111. Though Zamoldochikov and Fateev [2] made the initial attempt and 
constructed the R-matrix for the spin-I system by solving the Yang-Baxter equation, the 
complete solution could not be obtained until the method of fusion was adopted. The explicit 
construction of the Bethe ansatz was obtained by using the commutation rules dictated by 
the 9 x 9 R-matrix and by using the elegant formalism of the fusion procedure [31. 

In this paper we show how the fusion procedure can be combined with the methodology 
suggested by de Vega [4] to construct a spin-1 chain with long-range interaction (that is 
not restricted to the nearest neighbour). Due to the methodology of the fusion technique 
we have been able to set up the Algebraic Bethe ansatz for the mth excitation state. The 
energy eigenvalue of such a state and the equation determining the m-eigenmomenta are 
explicitly deduced. 

Our paper is organised as follows. In section 2, for completeness, we have re-derived the 
Bethe ansatz results for the usual xxz case which we will use in the subsequent sections. In 
section 3 we construct the first and second fused R-matrices. In section 4 we show how the 
long-range Hamiltonian involving spin-1 operators can be constructed. Finally in sections 5 
and 6 we deduce the corresponding eigenvalues and the Bethe ansatz equations. 

2. Formulation 

To begin let us consider a Heisenberg spin chain with newest neighbour interaction (spin 
of each atom at the lattice site is equal to 1/2) governed by the quantum R-matrix [5] 

rsin(B+q) 0 0 0 1  

0 
sinhe sinhq 
sinhv sinhe R(B) = 

L o  0 0 sinh(B + q ) l  
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The basic observation of [4] is thab even if one introduces inhomogeneities p1, pz. . . . , pn 
at the lattice sites i = 1.2. . . . , N, the model remains integrable and the systems still possess 
an infinite number of integrals of motion in involution. 
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In general, a monodromy operator T(B, { p } )  is written as 

N 

Tu@, {PI) = n RGCe +Pi) 
id 

where Rot is defined over VO @ K, VO being the quantum space, and U is used to denote 
the purely spin-l/Z character of the R matrix. Also 

The corresponding transfer matrix tu@, p )  is 

tc(e, {PI) = ~r~ Tm(e, {PI). 

The matrix element of T(B, { p ] )  will be denoted as T&, { p ) ) .  The above assertion implies 
that 

Pro w, {PI). TTO T(B,  IPDI = 0 (3) 

where T ( 0 ,  p )  denotes the monodromy operator for the inhomogeneous model and Tro 
denotes that the operation of taking the trace is to be performed over the quantum space. 

The monodromy m&ix for the inhomogeneous model reads in terms of site operators 
141 as 

Tub(&{P)) = 2 t ~ ~ ~ ( e + p , ) t ~ ~ ( e + p z )  ...t(N)(e+pN)aN-Ib. (4) 
",.a2 ..... ns-l=l 

The operators t(k)(B + p&k-@k act on the 2D vertical space V('). We have 

where 

Such a monodromy matrix also satisfies 

with R given by (1). 
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From the Yang-Baxter equation (6) we obtain 

We shall treat Bu as the creation operator and C' as the destruction operator. 

particle state is given as 
Let us start with a single particle state IQ) = B(vl)lO),. It may be noted that the mth 

1 % )  =B"(VI)B"(VZ)...B"(V~)IO), (10) 
and that P ( e )  is the destruction operator, Cn(8)10), = 0. Now consider 

m 

w, ILL}) = n s i h ( 8  + Pk + 11) 

W ,  [ P I )  = n sinh@ + ~ t ) .  

(13) 
k=f 

m 

k=l 

In deriving these expressions we have utilised expressions (4) and (5) for Tub and the fact 
that 

l o ) " = f i q ' )  i=l O i  (14) 

It is not difficult to deduce that the eigenvalue of such an excited state is given as 

The eigenmomenta U; are given by the equations obtained by equating the residues at the 
poles of E"(@ to zero. In this way one obtains 

 here we have actually~re-derived the basics of a spin-1/2 chain in a slightly different way; 
we will be referring to these repeatedly in what follows. 
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3. The fusion process 

We now fuse two spin-112 quantum R" matrices to construct an intermediate Rvx matrix: 
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R"(B, Id) = PgR"(0 - q/Z)R"(e + ~ / 2 ) P z  (17) 

where the suflix s denotes that half of the spin states are now actually spin-1 due to the 
fusion procedure. The corresponding monodromy matrix is now 

T Y e ,  b t )  = PAT;@ - V/Z. ( m , " ( e  + m, (111)~ ;  (18) 

where PA is the projection operator. 
The transfer matrix for the mixed us situation is given by 

where P is the permutation operator. 
Explicitly, we have 

a(e) = A"(@ + V I Z ,  { P I ) D ~ ( ~  - VP,AUI) - B'(e + q12. { w ' ( e  - VIZ.  {LD. (21) 

Eigenvalues and Eigenvectors of the mixed transfer matrix tu* can be obtained from the 
crucial observation that t"' and P commute: 

[ t - w ,  {PI), t w .  { P I ) I  = o (22) 

so that they do possess common eigenvectors. So using IQ,,,), found in the previous section, 
we can at once obtain the eigenvalue of tu, as 

E:(@) = E:(@ - 7/2)E:(e + q/2)  - d(B) 

= E(e + ~ / 2 ) 6 ( e  -712). 

We now perform the second fusion to obtain the full spin-1 chain. We denote the 
corresponding monodromy matrix as T': 

TYB, {PI) = P$T;'(B - V I Z ,  {P})T?(@ + V I Z  bI)P&. (24) 

Taking the trace of both sides we obtain 
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where A(@) is again a quantum determinant given as 

From equation (19) we now obtain 

t v ,  {PI) = v(e-7,  { m t " ( e ,  ~ L L I ) - A ( ~ - v I ~ ) I [ ~ ~ ( ~ .  {mn(e+r13 {.uD-A(~+v/z)I 

- A(@ - V/2)W + ~ / 2 )  

= t"(e - V ,  { ! - w ( e ,  im'(e. { m ' ( e  + 11, {PI) 

-t"(@-rl,  { p J ) t " ( ~ ,  I~l)A(e+V/2)-A(e-V/2)t"(e, ( d ) t " ( e + V ,  {PI). 
(27) 

 again, with the help of the Yang-Baxter equation we can prove that 

lts(e, {PI), t"w, (mi = o (28) 

.so that they also have common eigenvectors. This was the main component in the analysis 
of [3]. So, if we operate with t', as given in equation (27). on IQ2,) we obtain 

~;ce) = E;(e - 7)E;(e)E;(e)E;(e + V I  - E;(e - tl)E;(e)d(e + vi21 

-d(e - t m E ; ( e w ; ( e  + v ) .  (29 1 

We have now deduced the general form of the eigenvalues of the mth excited state for a 
spin-I system by the technique of double fusion, without any reference to the specific form 
of the Hamiltonian. 

In the following section we will first deduce the long-range interaction Hamiltonian and 
then extract the corresponding eigenvalue from the general expression (29). 

4. Long-range Hamiltonian 

We start with the onetime fused form of the R matrix Rfi(w):  

a 0 ' 0  0 0 0 
O b O d O O  

O d O c O O  
O O d O b O  
0 0 0 0 0 0  

R % ( o ) =  [ 
with 
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This matrix acts on the tensor product of the vector space Vu 0 V,, that is a (2 x 3)- 
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dimensional space. We first note that R' can be written as , 

,=(o 0 0) . ] = ; ( I  0 1 0  0 1) s=;(l 0 -1 0 0 (33) 1 0  0 

0 0 -1 0 1 0  0 1  

where s+ = SI iz is2 and the functions f ,  g, h are given as 
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where 

and 

Substituting these expressions in P(o, {p})  we obtain 

" nz3Q+(p)+e'Q-e'"' P(o, {p) )  = y Z N ( o )  (eznEr+e-znz3+l)+-[(e~Q+(p)eq"~+e- e 
1 [ YZ 

I 
+ e-ne-'"sQ-(p) +eqQ-(p)e-q"+ eCqe"Q-(p))) 

+ d2 (41) 
N 

e~-'"-'"'(EX - EL) . 
R . k l  

Exwacting the coefficient of y2N-Z gives the Hamiltonian 

H z N - ~  = eg(Q+(p)eqx3 + Q-(p)e-""> + Q+(p)e-"} 

+ {eqE3 e+(@) + eqzI Q-(p) + e-"% Q-(p)} 

+ dz 2 e2fi-W-M (EYE:) (42) 
k . 1 4  

which is actually a long-range Hamiltonian coupling of the spin-1 operators 83, s+, s- at 
different lattice sites. It was the simple observation of de Vega [4] that the expression of 
the transfer matrix in the parameter y leads to various long-range Hamiltonians. We have 
applied it in the case of the fused (doubly) 2-mahix t'(o, p). 
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5. Eigenvalues 

The eigenvalues pertaining to this Hamiltonian can be extracted from our general expression 
given in equation (29). by the corresponding expansion in the variable y. 

A G Choudhuty &A Roy Chowdhuty 

If we set 
I U+ECtl /Z  x = ?e 

then after a simple calculation we obtain 

Substituting in equation (29) we obtain 

which is the required eigenvalue corresponding to the long-range Hamiltonian (42). 

6. Eethe ansa& equations 

In the ibove analysis we still do not know how the quasi-momenta vi are determined; the 
eigenvalues and many other quantities are determined by them. The equations determining 
ut can be obtained by demanding that the residue at the poles of the exact expression for 
E ( @ ,  [ p ) )  will vanish. We go back to equations (29). (15) and (13) and evaluate the residue 
at U = uk. The result of this calculation can be presented in a compact form if we define 
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The Bethe ansatz equation can now be written as 

which, on simplification, leads to 

which is very similar to the case of the spin-1 open chain considered by Mezincescu and 
Nepomachia with nearest neighbour interaction 131. 

7. COIldUSiOnS 

In our analysis we have shown how, with the help of the fusion procedure, one can construct 
a long-range spin-1 chain and solve it completely by using the commutativity of the transfer 
matrix for the pure spin-l/Z case and that of the mixed (1/2 - 1) system, and also with the 
transfer mahix of the spin-1 system. The long-range Hamiltonian has been written solely 
in terms of spin-1 operators. 

Acknowledgments 

One of the authors (AGC) is grateful to CSIR (Government of India) for a Senior Research 
Fellowship. The authors are also grateful to the referee for constructive criticism. 

References 

[I] Kulish P P. Reshetikhin N Yu and Sklyanin E K 1981 Lett. Marh. Php. 5 293 
Kirillov A N and Reshedklin N Yu 1987 J. Phys. A: Marh. Gen. 20 IS65 

121 Zamoldochikov A B and Rteev V A 1980 Sow. J. NucL Phy.7. 32 298 
[3] Merincescu L, Nepomachie R I and Rittenbq V 1990 Php,  Lea 147A 70 
[4] de Vega H J 1984 Nucl. Phys. B 240 495 
IS] Sklyanin E K 1982 Inregruble Quwnrum Field Theories (Lecture N<Jres in Phyric.7 151) ed P P Kulish (Berlin: 

[6] Nepomachie R I and Mezincescu L 1991 CERN Pmpriru TH 615Z91 Proceedings ofthe Ago- Workvhop 

[71 Sklymfn E K 1988 J. Phys. A: Mark Gen. 21 2375 

Springer) p 61 

on Quuntum Groups ed T Curtright. D Fairlie and C Zachos (Singapore: World Scientific) 


